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We compute the average work done by an external agent, driving a piston at constant speed, over
a single particle gas going through an adiabatic compression and expansion process. To do so, we
get the analytical expression relating the number of collisions between the piston and the particle
with the position of the piston during the process. The ergodicity breaking of the system during
the process is identified as the source of its irreversibility. In addition, we observe that by using
particular initial distributions for the state of the particle, it is possible to preclude the possibility
of a net energy transfer from the agent to the particle during the process.
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I. INTRODUCTION
The origins of the irreversibility of macroscopic
systems, whose components follow the reversible laws
of mechanics, are an open topic of discussion [1–6].
Undoubtedly, one of the factors that make the topic
so complex is the description of the degrees of free-
dom of the large amount of particles that compose a
macroscopic system. Our aim here is to look for the
sources of irreversibility in a simple system, where the
microscopic state is easily tractable. The idea of using
the advantage of tractability of single particle gases
follows from the original study of a single particle engine
by Szilard, which showed that there is an important
relation between information and entropy [14, 21].
However, before addressing this question it is impor-
tant to clarify what is meant by reversibility. We follow
Jaynes [7], who identifies three different meanings of the
term, as used in the literature, for a process that takes
the system from state A to state B.
The three meanings identified by Jaynes refer to differ-
ent quantities: Mechanical (or microscopic) reversibility
is concerned with the exact microstate of the particles in
the system (positions and momenta), and it is satisfied
by any Hamiltonian system where the reversal of all
the momenta leads to a trajectory which is the exact
opposite of the original one. Carnot reversibility has
to do with quasistatic processes where the system is
ergodic, driven by a set of external parameters that
change infinitely slowly with time, and the microscopic
trajectories of individual particles are not important
as long as the trajectory of the macroscopic variables
is reversed. Finally, thermodynamic reversibility only
∗ E-mail: carlosedu.alvarez@urosario.edu.co
cares for the initial and final macroscopic states of the
system and the environment.
There are previous studies of adiabatic processes on
many-paricle gasses enclosed in a container with a piston
[18–20]. In taking as a system a single particle and a
piston, we pretend to avoid the difficulty (or impossibil-
ity) of obtaining a precise description of the microscopic
state of the system [9], allowing us to track its evolution
and identify the sources of irreversibility in such a
system, when it goes through a compression/expansion
process.
This paper is organized as follows: In section II we
present the model of the system and describe the pro-
cesses to be carried out on it. From the definition of the
process an analytical solution is found for the position
at which the nth collision between the piston and the
particle takes place, as a function of the number of col-
lisions (n) and the parameters of the model. Section
III presents the analysis of the phase space of micro-
scopic states of the system in terms of the transitions
between the macroscopic states. The relation between
the location of the nth collision and n found in section
II is used to find the boundaries between regions that,
after a compression or expansion process, lead to differ-
ent final macroscopic states given by the volume of the
system and the kinetic energy of the particle. In section
IV the average work done on the system during a com-
pression/expansion process is computed by assuming a
particular initial distribution of microstates, and using
the phase space diagrams obtained in section III to com-
pute the probability of doing a certain amount of work
during the process. In section V we define a measure of
the irreversibility of a path in phase space for the com-
pression/expansion process. Finally, section VI presents
a summary and discussion of the results.
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2II. MODEL
The level of coarse graining in the description of a
system is important as it represents the state of our
knowledge about it[10, 11]. In this study the state
of the system will be seen from two coarse graining
perspectives: The microscopic state, which is given by
the position and velocity of the particle (z, v), and the
macroscopic state, given by the kinetic energy of the
particle and the volume within which it can be found at
a given time (K,L).
The system consists of a cylinder of length Lr with
adiabatic walls and a piston at one of its ends, containing
a single particle of mass µ. The coordinate axis zˆ is
oriented along the symmetry axis of the cylinder with
the origin (z = 0) at the left wall. The piston is
located initially at z = Lr and can move from Lr to Ll
(0 < Ll < Lr) and back.
An adiabatic process, in the sense that there is no heat
transfer through the system’s boundaries, is carried out
(Fig. 1) starting from a configuration in which the par-
ticle is located at z, moving with velocity v, while the
piston, located at Lr, moves with a constant velocity uzˆ.
As there is no coupling between the movement of the par-
ticle in the zˆ direction and the direction perpendicular
to this axis we will treat the system as one-dimensional
with the particle moving with velocity vzˆ. At t = 0 the
piston moves to the left and compresses the system adia-
batically until it stops at Ll at time t = (Lr−Ll)/|u|. At
time t+ ∆t > t the piston starts moving again, this time
to the right, expanding the system until it gets back to
Lr at time t+ ∆t+ (Lr −Ll)/|u|. Here, ∆t represents a
lapse long enough for the position of the particle to relax
to the uniform distribution.
z^
L r
L rL l
L l
L rL l
L rL l
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(a) (b)
(c)(d)
FIG. 1. Adiabatic cycle. From an initial position Lr (a) the
piston starts compressing the system at constant speed |u|
(b), until it stops at Ll (c). After an certain time, the piston
starts expanding the system at the same constant speed (d)
until it stops back at Lr.
We will proceed to analyze the motion of a point par-
ticle along a compression-expansion process as it collides
with the piston and the walls of the container. As we
want to look for the possibility of extracting work from
the particle through the adiabatic cycle, we will restrict
the analysis to the cases where the initial speed of the
particle is greater than that of the piston (|v| > |u|), as
otherwise it is only possible either to do no net work
on the particle or to increase the particle’s kinetic energy.
The particle and the piston interact through a conser-
vative, short range, repulsive pair potential U . The av-
erage force exerted by the piston on the particle during
the lapse ∆τ in which they interact is
F =
1
∆τ
∫ ∆τ
0
(
−dU
dz
)
dt = µ
∆v
∆τ
, (1)
where the conservation of momentum, taking into ac-
count that the speed of the piston is constant, gives us
the change in the velocity of the particle from v to v′
∆v = v′ − v. (2)
When the particle with velocity v collides with the pis-
ton, the piston does an amountW of work on the particle.
In order to maintain the velocity of the piston constant,
an external agent applies an average force F on the pis-
ton each time a collision occurs, thus doing in turn an
amount of work W on the piston. Then, from the con-
servation of energy we have
1
2
µ(v′2 − v2) = W
= F∆z
= µ u∆v, (3)
where ∆z is the displacement of the piston during its
interaction with both the particle and the external agent,
and u = ∆z/∆τ . From equations (2) and (3) we obtain
the change in the velocity of the particle
∆v = 2(u− v), (4)
and the work done in changing the particle’s velocity [12]
W = 2µ u(u− v). (5)
Additionally, at every elastic collision with the left wall
the particle will invert its velocity. From equation (5)
we see that if W > 0, energy is being injected to the
system, whereas W < 0 means that energy is being
extracted from the system.
As the velocity of the particle will change in a discrete
manner after each collision, during the following deriva-
tion we will label the velocity as vi, where i indicates the
number of hits that have occurred between the particle
and the piston since the beginning of the process, and z0
will indicate the position of the particle at the start of
the process. In computing the location L1 at which the
first collision between the particle and the piston occurs
3during the compression (u = −|u|, with the piston start-
ing at Lr), we have to take into account if the particle
starts moving to the left or to the right. In the first case
(v0 > 0) the collision occurs at
L1 =
Lr|v0|+ z0|u|
|v0|+ |u| , (6)
provided that it happens before the piston gets to Ll,
that is, if
|v0| > |u| Ll − z0
Lr − Ll . (7)
In the second case (v0 < 0) the particle bounces back at
the wall at z = 0 and then collides with the piston at
L1 =
Lr|v0| − z0|u|
|v0|+ |u| , (8)
if
|v0| > |u| Ll + z0
Lr − Ll . (9)
In the case of the expansion (u = |u|, with the piston
starting at Ll), if the particle starts moving to the right,
the first collision happens at
L1 =
Ll|v0| − z0|u|
|v0| − |u| , (10)
if
|v0| > |u|Lr − z0
Lr − Ll . (11)
On the other hand, if it starts moving to the left
L1 =
Ll|v0|+ z0|u|
|v0| − |u| , (12)
provided that
|v0| > |u|Lr + z0
Lr − Ll . (13)
For subsequent hits i after the first one (i > 1) we
might consider the particle as starting in a state immedi-
ately after the collision, located at the position in which
the collision happened (Li). The velocity of the particle
after collision i+ 1 (vi+1) in terms of vi is
vi+1 = |vi|+ 2(u− |vi|) = 2u− |vi|, (14)
where the i indicates that i − 1 collisions have occurred
before the piston gets to Li. Notice that during the ex-
pansion, whenever vi+1 > 0 the particle will continue to
follow the piston without further collisions until after the
expansion ends. Otherwise it will move away from the
piston and bounce against the wall. The time it takes
the particle to go from Li to the wall at z = 0 and back
to the next collision location Li+1, at any step i > 0 is
∆ti =
Li + Li+1
|vi| =
2Li + u∆ti
|vi| , (15)
which along with Li+1 = Li + u∆ti, gives
Li+1 = Li
|vi|+ u
|vi| − u. (16)
Supposing now that the current process (compression or
expansion) has not ended and u has not changed its sign,
equation (16) implies
Ln = L1
n−1∏
i=1
|vi|+ u
|vi| − u, i > 1. (17)
Applying equation (14) recursively for |v0| ≥ 2iu we get
|vi| = |v0| − 2iu, (18)
which means that the speed of the particle in-
creases/decreases by 2|u| at every collision during
the compression/expansion process.
Using equation (18) in (17) we obtain
Ln = L1
n−1∏
i=1
|v0| − (2i− 1)u
|v0| − (2i+ 1)u
= L1
|v0| − u
|v0| − (2n− 1)u. (19)
which gives the position of the piston just as the nth
collision occurs during either a compression or expansion
process. The value of L1 is obtained from one of the
equations (6), (8), (10) or (12), depending on the initial
state of the particle.
III. PHASE SPACE
Equation (19) tells us, for a given set of the parameters
of the process (u, Lr and Ll), the location of the nth col-
lision as a function of the initial state of the particle and
the number n of collisions. As n is an integer, the phase
space of the initial state of the particle can be divided into
a number Mc + 1 of regions, each one containing a set
of initial microscopic states (z, v) for which the number
of collisions (and thus the work performed on the sys-
tem) during an entire compression or expansion process
is equal. To find the limits of such regions and construct
a diagram of the phase space we need to find the points
(z = ζn, v = vn) at which the number of hits changes
from n− 1 to n while increasing(decreasing) z when v is
positive(negative). Figure 2 presents a schematic exam-
ple of the type of phase diagrams we will present further
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FIG. 2. Schematic example of a v vs. z phase diagram. The
region in phase space that can be occupied by the particle
at the start of the process (- - -) is divided into regions, each
one leading to a different number n of hits occurring (and
thus the work done) by the end of the process. The points
ζn mark boundaries between a region in which n − 1 hits
occur, and another one in which n hits occur. The + or
− superscript indicates weather the point is located on the
positive or negative velocity region, respectively. α represents
the minimum value of n and depends on the parameters of
the system.
ahead.
To find such points in the case of the compression
(u = −|u|) we realize that the final hit of the compression
process, which occurs at Ln after n hits, satisfies
Ln ≥ Ll > Ln+1, (20)
with n = α, · · · , α + Mc, where α is the minimum num-
ber of collisions that can happen during the compression.
This, along with equation (19), gives
f(v0) < n ≤ f(v0) + 1, (21)
where
f(v0) =
1
2
(
L1
Ll
− 1
) |v0|+ |u|
|u| . (22)
In case the particle starts moving to the left (v0 =
−|v0|), L1 is given by equation (8). At the moment of
the last collision before the compression ends n hits would
have occurred, and
ζ−n = (Lr − Ll)
|v0|
|u| − Ll(2n− 1), (23)
where ζ−n denotes a transition point in the region of the
phase space in which v0 = −|v0|. In a similar way, if
v0 = |v0| then L1 is given by (6) and a transition point
in the positive region is given by
ζ+n = −(Lr − Ll)
|v0|
|u| + Ll(2n− 1). (24)
In order to find all the values for ζ−n and ζ
+
n given
Lr, Ll, |v0| and |u|, we start by finding the minimum
number of collisions that can happen during the process
by placing the particle at Lr = ζ
−
α , so that
α = int
[
1
2
(
Lr
Ll
− 1
)( |v0|
|u| − 1
)]
, (25)
where int[] means the integer part. From there it suffices
to increase the value to n = α+ 1, n = α+ 2, up to some
n = α+ l such that the value obtained for ζ−α+l+1 is less
than zero, which is out of the container and therefore no
longer a valid value for n. Then, the values for ζ+n are
computed starting from n = α+l+1, while 0 ≤ ζ+n ≤ Lr.
In the case of the expansion (u = |u|), given that the
compression started at a region where n hits occur (that
we will simply call region n), the particle starts at some
state (z0, w0,n), where 0 < z0 < Ll and, by equation (18)
|w0,n| = |v0|+ 2n|u|. (26)
The final hit of the expansion process occurs at Lmn ,
after mn collisions. The subscript n in w0,n, mn and
other quantities is a reminder that this expansion pro-
cess is the continuation of a compression process that
had n collisions. Let βn be the minimum number of
possible collisions during this expansion process. Then
mn = βn, · · · , βn +Me,n, where
Lmn ≤ Lr < Lmn+1. (27)
Using equation (19) in relation (27) we obtain
g(w0,n) < mn ≤ g(w0,n) + 1, (28)
where
g(w0,n) =
1
2
(
1− L1
Lr
) |w0,n| − |u|
|u| . (29)
Proceeding in a similar way to the compression case, we
obtain the transition points (η) for the negative velocity
region (w0 = −|w0|)
η−mn = (Lr − Ll)
|w0,n|
|u| − Lr(2mn − 1)
= (Lr − Ll) |v0||u| − Lr(2(mn − n)− 1)− 2Lln,
(30)
where we have used equation (26), as well as the points
in the positive velocity region (w0 = |w0|)
η+mn = −(Lr − Ll)
|v0|
|u| + Lr(2(mn − n)− 1) + 2Lln.
(31)
5The different valid values for η−mn and η
+
mn are found in a
similar way to the one presented in the compression case,
obtaining this time the points at which the increment
from mn − 1 to mn occurs.
Figures 3 and 4 show the phase diagrams for two
processes with |v0|/|u| = 7.8 and with left limits for
the piston equal to Ll/Lr = 0.2 and Ll/Lr = 0.663,
respectively. In the phase space (z, v) of the state
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FIG. 3. Phase space diagrams for Ll/Lr = 0.2 and |v0|/|u| =
7.8. Kini (in units of µu2) for each figure indicate the ini-
tial kinetic energy of the particle, while Kfin in the legend
represent the kinetic energy after the process has ended for
the compression (a) or expansion (b to d) processes. (a)
Kinic = 30.42, (b) K
ini
e = 959.22, (c) K
ini
e = 714.42 and
(d) Kinie = 571.22. The arrows indicate which expansion pro-
cess spawns from which region at the start of the compression.
The expansion cases not shown in the figure lead all to a final
energy equal to the initial one Kfine = K
ini
c .
of the particle at the beginning of the compression we
observe several regions, each one corresponding to a
different number of collisions during the process. A
symmetry breaking is produced here, as the original
phase space volume (length in this case) occupied
by the system is separated during the process into
Mc + 1 regions at different energy shells [13], but
unlike systems in contact with a thermal bath [14] it is
not thermal fluctuations that choose the actual macro-
scopic path, as it depends solely on the initial conditions.
During the process the size of each region is preserved
due to Liouville’s theorem. The size (Lc,n) of these re-
gions is simply
Lc,n = |ζ±n+1 − ζ±n |, (32)
where ζ−α = Lr and n = α, · · · , α+Mc.
Note that sometimes the region at the left side of the
container can have one part of it in the negative velocity
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FIG. 4. Phase space diagrams for Ll/Lr = 0.663 and
|v0|/|u| = 7.8. Kini (in units of µu2) for each figure indi-
cate the initial kinetic energy of the particle, while Kfin in
the legend represent the kinetic energy after the process has
ended for the compression (a) or expansion (b to d) processes.
(a) Kinic = 30.42, (b) K
ini
e = 95.22, (c) K
ini
e = 69.62 and (d)
Kinie = 48.02. The arrows indicate which expansion process
spawns from which region at the start of the compression.
region and another part in the positive velocity region,
as seen in Figure 4(a). For these particular regions
Lc,n = |ζ+n+1 − 0|+ |ζ−n − 0| = ζ+n+1 + ζ−n . (33)
At the end of the compression the piston stops for a
certain amount of time. During this time the system
evolves with a time independent Hamiltonian, which
may produce a loss of information [13] in the cases
where the size of the constant energy surface, under the
time independent Hamiltonian, is larger than that of the
region containing the original trajectories of the system,
just before the piston stopped. This is evidenced in
the plots of the phase space at the beginning of the
expansion process by regions that lead to a final energy
for the expansion (Kfine ) different from the energy at
the start of the compression (Kinic ).
Each of the plots of the phase space at the beginning
of expansion in Figs. 3(b to d) and 4(b to d) represents
a different energy shell at the end of the trajectory of the
compression process, which can also be divided in several
regions. In this case the size (Le,mn) of region mn, given
that the compression started at region n, is
Le,mn = |η±mn+1 − η±mn |, (34)
with η−βn = Ll and mn = βn, · · · , βn +Me,n, where there
are Me,n + 1 regions in the phase space at the beginning
of the expansion, given that the compression started at
region n. In the case in which a region has a part in the
6positive velocity region and a part in the negative one
Le,mn = |η+mn+1 − 0|+ |η−mn − 0| = η+mn+1 + η−mn . (35)
It is observed that the cases in which Kfine is different
from Kinic , and work different from zero is performed, are
associated with starting regions of size Lc,n < 2Ll/Lr.
Table I shows, for the compression process, the number
N1 of regions with size Lc,n = 2Ll/Lr, the number N2 =
Mc + 1−N1 of regions with size Lc,n < 2Ll/Lr, and the
combined size
Lremc =
∑
n
Lc,n, for n s.t. Lc,n < 2Ll/Lr
= 2(1−N1Ll/Lr) (36)
of this last group of regions, for several values of Ll/Lr
and |v0|/|u|.
TABLE I. Number of regions of size Lc,n = 2Ll/Lr (N1),
Lc,n < 2Ll/Lr (N2), and the combined size (Lremc ) for various
combinations of the parameters Ll/Lr and |v0|/|u|.
Ll/Lr |v0|/|u| N1 N2 Lremc
0.2
7.75 4 2 0.4
7.8 4 2 0.4
8 5 0 0
0.45
7.5 2 2 0.2
7.8 1 2 1.1
8.2 1 2 1.1
0.663
7.8 1 2 0.674
8.5 1 2 0.674
9 0 2 2
As stated earlier, a region indexed by n will conserve
its size during the compression process due to Liouville’s
theorem. This means that if Lc,n = 2Ll/Lr, there
will be a single region at the end of the compression
and thus the expansion will lead back to the original
energy surface (Kfine = K
ini
c ), that is, any random point
within the region will lead back to the same region after
the compression and expansion. In the cases where
Lremc 6= 0, the two regions n = α and n = α + Mc,
located next to the piston in, respectively, the negative
and positive velocity parts of phase space, will have
sizes Lc,n < 2Ll/Lr. This means that whenever the
compression process starts from one of these two regions,
the phase space volume occupied by the particle will
expand at the end, where the system is left to evolve
under a time independent Hamiltonian, and two regions
will appear at the beginning of the expansion: One of
them is of the size and location of the original region but
with the velocities inverted, and it will lead the system
back to the original energy surface. The other one will
lead the system to a new surface for which Kfine 6= Kinic .
In this case a net work will be performed on the particle.
IV. AVERAGE WORK
In this section we will compute the average work done
by an ensemble of identical systems, assuming that they
begin the process in the same macrostate but in a mi-
crostate which is randomly distributed with distribution
ρ(z, v) = ρ+(z)δ(v − |v0|) + ρ−(z)δ(v + |v0|), (37)
where |v0| =
√
2Kinic /µ is the initial speed of the particle,
and ρ+(z) and ρ−(z) represent the spatial distribution
function in the region of positive and negative velocity,
respectively (see Fig. 5 for a graphical example).
0 L
z
−|v0|
0
|v0|
v
ρ+(z)
ρ−(z)
0
5×10−5
0
5×10−5
ρ
ρ
FIG. 5. Example of a distribution function of the microstates
(ρ(z, v)) defined between 0 and L in each of the regions v =
|v0| and v = −|v0|. ρ has a part on the negative velocity region
(ρ−(z)) and a part on the positive velocity region (ρ+(z)). In
this example, it is more probable to find a particle initially
moving to the left and close to the piston.
The work done during a particular realization of the
process is computed by summing the contribution of each
of the n collisions between the particle and the piston[15]
W =
n−1∑
i=0
2µ u(u− |vi|)
= 2µ(u2n2 − u|v0|n) (38)
where equation (18) was used. Therefore the net work
done on the particle during a compression process with
n collisions is
Wc,n = 2µ(u
2n2 + |u||v0|n) (39)
and the work done on the corresponding expansion pro-
cess with mn collisions is
We,mn = 2µ(u
2m2n − |u||w0,n|mn), (40)
7where the particle starts the compression with speed
|v0|, and the expansion with speed |w0,n| given by (26).
We can use the phase diagrams presented in the previ-
ous section to compute the average work done by the en-
semble during a compression/expansion process, as they
show the dependence of the work done on the particle
on its initial state. As there is no exchange of heat with
an external system during the process, the work done is
uniquely determined by the initial state of the particle
for a given protocol. In the case of the compression the
work is given by
W totc (z, v) =
{ ∑α+l−1
n=α Wc,n1(z, ζ
−
n , ζ
−
n−1) +Wc,α+l1(z, 0, ζ
−
α+l), if v < 0∑α+Mc
n=α+l+1Wc,n1(z, ζ
+
n−1, ζ
+
n ) +Wc,α+l1(z, 0, ζ
+
α+l+1), if v > 0
, (41)
where Wc,n, computed as in (39), is the work done during
the compression when the particle starts at region n, and
1(z, a, b) = Θ(z − a)[1−Θ(z − b)] (42)
is the characteristic function of the interval [a, b], with
Θ(x) representing the Heaviside function. The index
n runs over all the Mc + 1 regions in phase space,
located on the negative velocity region from n = α to
n = α+ l, and on the positive region from n = α+ l+ 1
to n = α + Mc. In general, the region at the z = 0
border (identified by the index n = α + l) may be split
in two parts.
Similarly, we have that the function giving the work
done during the expansion starting at region mn (after a
compression that started at region n), has the form
W tote,n(z, w) =
{ ∑βn+s−1
mn=βn
We,mn1(z, η
−
mn , η
−
mn−1) +We,βn+s1(z, 0, η
−
βn+s
), if w < 0∑βn+Me,mn
mn=βn+s+1
We,mn1(z, η
+
mn−1, η
+
mn) +We,βn+s1(z, 0, η
+
βn+s+1
), if w > 0
, (43)
where We,mn is the work done during the expansion
when the particle starts at region mn, computed as in
(40). Regions from mn = βn to mn = βn + s are located
on the negative velocity part of the phase space, while
regions from mn = βn + s + 1 to mn = βn + Me,mn
are located in the positive part. The region for which
mn = βn + s is generally split between the positive and
negative velocity parts.
We can compute now the average work done during
the compression using equations (37) and (41) as
〈
W totc
〉
=
∫ Lr
0
∫ ∞
−∞
W totc (z, v)ρ(z, v)dvdz
=
α+l−1∑
n=α
anWc,n + (aα+l + a
′
α+l)Wc,α+l
+
α+Mc∑
n=α+l+1
a′nWc,n, (44)
where
an<α+l =
∫ ζ−n
ζ−n+1
ρ−(z) dz, (45)
a′n>α+l =
∫ ζ+n+1
ζ+n
ρ+(z) dz, (46)
aα+l =
∫ ζ−α+l
0
ρ−(z) dz, and (47)
a′α+l =
∫ ζ+α+l+1
0
ρ+(z) dz, (48)
where region n = α + l receives a special treatment
as it lies in both, positive and negative velocity parts
of the constant energy shell. If ρ(z, v) is uniform
(microcanonical distribution) we will have
〈
W totc
〉
=
α+Mc∑
n=α
anWc,n, (49)
with
an =
Lc,n
2Lr
, (50)
where Lc,n is defined in (35). The coefficients an repre-
sent the probability of starting the compression process
8within region n, so
α+Mc∑
n=α
an = 1. (51)
Assuming now that the probability distribution of the
microstates at the beginning of the expansion is always
uniform, we obtain that the average work done during
the expansion is given by
〈
W tote
〉
=
α+Mc∑
n=α
1
2Ll
∫ Ll
0
∫ ∞
−∞
W tote,n(z, w)
[
δ(w − |w0,n|)
+ δ(w + |w0,n|)
]
dwdz
=
α+Mc∑
n=α
βn+Me,n∑
mn=βn
bmnWe,mn
 , (52)
with
bmn =
Le,mn
2Ll
, (53)
where Le,mn is defined in (34). The coefficients bmn rep-
resent the conditional probability of starting the expan-
sion within region mn given that the compression started
at n, and thus
βn+Me,n∑
mn=βn
bmn = 1. (54)
Finally, the average work done during both the com-
pression and expansion for a particular value of the pa-
rameters Lr, Ll, |u| and |v0| is
〈W 〉 = 〈W totc 〉+ 〈W tote 〉 . (55)
As seen before, the trajectories that start the com-
pression at regions in phase space which are adjacent to
the piston have the potential, after the reverse process
(expansion) has been carried out, to lead the system
into a macroscopic final state which is different from the
initial one, thus performing a net work on the particle.
We compute the probability of doing net positive work
on the particle (ppos) as
ppos = aνbβν , (56)
where aν is the probability of starting the compression
in the region located next to the piston in the positive
velocity part of the phase space (ν = α + Mc), and bβν
is the probability of starting the expansion in the region
adjacent to the piston with negative velocity, given that
it started the compression at region ν. Likewise, the
probability of doing net negative work (pneg) is
pneg = aαbωα , (57)
where aα is the probability of starting the compression
in the region located next to the piston in the negative
velocity part of the phase space, and bωα is the proba-
bility of starting the expansion in the region adjacent to
the piston with positive velocity, given that it started the
compression at region α (ωα = βα + Me,α). Finally, the
probability for the process to do no net work is
p0 = 1− ppos − pneg. (58)
Figures 6(a,b) show the probabilities of doing posi-
tive and negative work as a function of the initial speed
(|v0|/|u|) of the particle, assuming that the initial dis-
tribution of microstates is uniform. It is observed that
the probability of doing net work on the particle different
from zero has a periodic behavior. Furthermore, depend-
ing on the parameter Ll the graphs for ppos and pneg can
be in phase (Fig. 6(a)), where the probability for the pro-
cess to do net work falls to zero at some points, or out
of phase (Fig. 6(b)), where there is always a possibility
for the process to do work different from zero. In this
last case there are regions in which it is more probable
to do positive rather than negative work on the particle
and vice versa.
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FIG. 6. Upper figures: Probability of doing positive ppos
(dotted line) or negative pneg (continuous line) work on the
particle for a system with (a) Ll/Lr = 0.2 or (b) Ll/Lr =
0.663. Lower figures: Average work done on the particle for
(c) Ll/Lr = 0.2 or (d) Ll/Lr = 0.663.
The average work as a function of the speed is shown
in Figs. 6(c) and (d). In the case in which the probabil-
ities ppos and pneg are always equal, no negative work is
observed at any initial speed (Fig. 6(c)). To understand
this, we note that in this system the thermodynamic
irreversibility is produced by the difference d = mn − n
between the number of hits during the compression and
its inverse process, the expansion. If d < 0 the net work
is positive, while d > 0 leads to a net negative work.
However, the magnitude of the energy transfer produced
9by a collision during the compression, starting with the
particle moving to the right at speed |v| and the piston
moving to the left at speed |u|, is larger than that of a
collision during the expansion, in which both the particle
and the piston start moving to the right at those same
speeds |v| and |u| respectively. On the other hand, when
ppos and pneg are different there is the possibility to do
either positive or negative work on average, depending
of the initial speed of the particle (Fig. 6(d)).
We look now at a case in which the initial distribution
of states for the particle is not uniform. Figure 7 shows
the probabilities ppos and pneg, as well as the average
work done on the particle when the position dependent
parts of the distribution function (37) are given by
ρ+(z) = 0, (59)
ρ−(z) =
{
1
(Lr−zmin)Θ(z − zmin) , if 0 ≤ z ≤ Lr
0 , otherwise
.
(60)
That is, the particle starts at a region close to the piston
at a distance at most Lr−zmin from it, where zmin > Ll
is a given parameter (chosen as zmin = 0.7Lr in Fig. 7).
It is observed that when the possibility for the particle
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FIG. 7. Upper figures: Probability of doing positive ppos (dot-
ted line) or negative pneg (continuous line) work on the par-
ticle when using distributions (59) and (60) with zmin/Lr =
0.7, for a system with (a) Ll/Lr = 0.2 or (b) Ll/Lr = 0.663.
Lower figures: Average work done on the particle for (c)
Ll/Lr = 0.2 or (d) Ll/Lr = 0.663.
to start in the positive velocity region is precluded, the
probability of doing positive average work on the system
also vanishes. This means that the particle either main-
tains its kinetic energy or work has been extracted by the
end of the compression/expansion process.
V. IRREVERSIBILITY
In this section we define a measure of thermodynamic
irreversibility for the system. As we have seen, the phase
space diagrams of the initial states in a compression or
expansion process show that the phase space is divided
into regions with different number of collisions. This
breaks the ergodicity of the system, as two different
realizations starting the process at opposite sides of the
boundary between two regions would end up at different
energy surfaces.
As the evolution of the macroscopic state (K,L)
of the system depends on its initial microscopic state
(z, v) only to the extent that it is located within a
particular region of the phase space, in the following
we will drop the microscopic state of the particle as
a variable and use instead the indexes n and mn to
denote the region in which it is initially located. As
the evolution of the system during a compression or
an expansion is Hamiltonian, the distribution of states
follows from Liouville’s equation and the trajectory
followed by the system depends exclusively on its initial
state. However, between the compression and the
expansion, a relaxation process is introduced where the
piston remains motionless. During this time, the system
is allowed to relax to a combination of microcanonical
distributions, i.e. for each of the final energies obtained
after the compression, the corresponding energy shell
is allowed to be uniformly distributed in phase space
before starting the expansion process. This relaxation
process introduces irreversibility in the system which, in
the following, we propose a way to quantify it. We start
with the analogue situation for systems in contact with
a thermal reservoir.
For a system which is allowed to equilibrate with a
thermal bath at temperature T at the beginning and at
the end of a process, the Crooks relation
PF [γF ]
PR[γR] = e
(WF−∆F )/kBT (61)
is obtained[3, 16], where PF [γF ] is the probability distri-
bution for obtaining a particular forward path γF (dur-
ing which a work WF is performed on the system) and
PR[γR] is the probability distribution for obtaining its
reverse path γR. ∆F is the equilibrium free energy dif-
ference between the final and initial states of the process.
The logarithm of this relation has been used as a measure
of the irreversibility of the path γ leading from an initial
point in phase space xi to a final point xf [17]
I[γF ] = ln
[PF [γF ]
PR[γR]
]
. (62)
We note here that the process under these conditions
does not present a breaking of ergodicity, as the ther-
malization at both ends of the process makes the whole
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phase space accessible to the system.
In our case, we define a similar measure of irreversibil-
ity for the path followed by the system when it starts the
compression at region n as
In = ln
[
PFn
PRn¯
]
, (63)
where PFn is the probability for the system to start the
compression at region n and PRn¯ is the probability for
the system to start the expansion at region n¯, which is
the region in phase space at which the system arrived
at the end of the compression, but with all momenta
reversed. In this case, because of Liouville’s theorem,
the system goes through the reverse path leading back
to region n.
The probability PFn is given by
PFn = an, (64)
where the coefficients an are given by (45) to (48). On a
similar manner, the conditional probability for the parti-
cle to be within region mn at the start of the expansion,
given that it started the compression at region n is given
by
PRmn = bmn , (65)
where the coefficients bmn are given by (53).
Let m denote a region in phase space at the start of
the expansion process, irrespective of the region at which
the compression started, and PRm the probability for the
system to start the expansion at this region. Then
PRm =
α+Mc∑
k=α
PRmkP
F
k =
α+Mc∑
k=α
bmkak. (66)
However, as the ergodicity is broken during the compres-
sion we know that region m is accessible only to processes
that started at a certain region that we call n. Therefore
bmk 6= 0 only if k = n, and
PRm = bmnan, (67)
for mn = βn, · · · , βn +Me,n. This means that the prob-
ability of following the reverse path is
PRn¯ = bn¯nan. (68)
Using equations (64) and (68) into equation (63) we
obtain
In = ln
[
1
bn¯n
]
≥ 0. (69)
Finally, the average irreversibility over all the starting
regions n is
I =
α+Mc∑
n=α
anIn. (70)
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FIG. 8. Irreversibility, as defined by equation (70) for systems
starting with microcanonical distribution (a) Ll/Lr = 0.2
and (b) Ll/Lr = 0.663, as well as distribution (59)-(60) with
zmin/Lr = 0.7 for (c) Ll/Lr = 0.2 and (d) Ll/Lr = 0.663.
Figure 8 plots I as a function of |v0|/|u| for two values
of Ll in the case in which the system starts from a mi-
crocanonical distribution of states and also in the case
in which the distribution is the step function given by
(59) and (60). It is observed that the system is reversible
(I = 0) whenever the net work done on the particle is
zero (see Figs. 6 and 7), and that it reaches some maxi-
mum values periodically, representing points at which the
probability for the system to take the reverse path dur-
ing the expansion, back to the starting region in phase
space is small compared to the probability of taking the
corresponding forward path during the compression. The
value of such maxima increases considerably when we re-
strict the initial states to the region of negative velocities
close to the piston.
VI. SUMMARY AND CONCLUSIONS
In this work we have studied the conditions under
which the work done on a single particle by a piston
moving at constant speed, and which performs a com-
pression followed by an expansion, is different from
zero. This was done by obtaining an analytical result
relating the number of hits n between the piston and
the particle, with the position at which the nth collision
occurs. Using this relation, diagrams in the phase space
of initial conditions (z, v0) were constructed for the
particle, by looking for the boundaries between regions
with n and n + 1 collisions during the compression or
expansion processes.
An important aspect of the protocol lies in the
relaxation time that takes place between the end of the
compression and the beginning of the expansion. If
an ensemble of identical systems with random starting
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particle positions is taken, all systems starting the
compression at a region of size L where n collisions
occur will, by Liouville’s theorem, evolve along with
the region towards the same final energy surface, that
is different for every region (ergodicity breaking). Once
the piston stops, the region in phase space occupied by
this subset of systems changes its size to a new value
L′ ≥ L, as the distribution relaxes to the microcanonical
distribution (fixed speed and a uniformly distributed
position). In the cases where the size of the region
changes, a system might end the expansion with an
energy different from the initial one, and in this case the
work done on the system is different from zero.
The relaxation time is part of the protocol, and it is
important to remember that during this lapse the speed
of the piston is zero. This relaxation is at the heart of
the irreversibility of the process leading to the possibility
of obtaining a non zero work. If we want to restore
mechanical reversibility not only the momenta of the
particle and the piston have to be reversed, but also the
protocol. This means that if the reversal in momenta is
carried out during the relaxation phase, when a time ∆t′
has passed since the end of the compression, the same
amount of time ∆t′ has to pass before the beginning of
the expansion.
The phase diagrams show that in order to do net
work different from zero, the particle has to start the
compression and expansion located in a region adjacent
to the piston. Additionally, for this work to be positive,
the particle first has to start the compression on the
region of positive velocities (moving towards the piston),
and once the compression ends and the particle is al-
lowed to equilibrate to the microcanonical distribution,
the particle has to start the expansion in the region of
negative velocities (moving away from the piston). In
a similar manner, for the net work to be negative the
particle has to to start the compression on the region
of negative velocities, and the expansion in the region
of positive velocities. In these cases the number of
collisions during the compression (n) and the number of
collisions during the expansion (m) are different, which
produces a net change in the energy of the particle,
making the process thermodynamically irreversible.
If the process starts in the microcanonical ensemble,
the probabilities of doing net positive (ppos) or negative
(pneg) work on the particle as a function of the par-
ticle’s speed (|v|/|u|) during a compression/expansion
cycle oscillate between zero and some maximum value.
Depending on the parameter Ll, these oscillations might
be in phase (ppos = pneg always) or not. If they are
in phase the work cannot be negative. This happens
as, for given values of the speeds of the particle (|v|)
and the piston (|u|), the work done on a collision
during the compression transfers a greater amount of
energy than a collision during the expansion. On the
other hand, if the oscillations of the probabilities are
out of phase, there will be values of |v|/|u| for which
it is more probable to do either negative or positive work.
If the starting distribution of the systems is different
from the microcanonical one, the amplitude of the oscil-
lations of the probabilities ppos or negative pneg might
be changed. In particular, if the spatial distribution is a
step function like the one in equations (59) and (60), it
is possible to preclude the possibility of doing positive
work. This implies that by performing successive cycles
energy can be extracted from the particle while its initial
speed |v| is greater than |u|. However, this amounts
to a forced symmetry breaking[14] and in order to do
a complete assessment of the net work extracted one
should also compute the amount of work required to
prepare the initial nonuniform distribution from the
microcanonical ensemble.
Finally, regarding quasistatic processes (|u| very
small), one can see that even if the work done on a single
collision (equation (5)), and thus the net work done on
the particle during the process, becomes very small, the
value of |d| = |m − n| remains an integer which might
be different from zero, and the process cannot be said
to be Carnot reversible in general, with the exception of
some particular cases for which the irreversibility I = 0
(see for example Fig. 8).
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